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A remark on the Upper Bounds of the Moduli
of the Roots of Algebraic Equations

Dragomir M. Simeunović

Abstract. In this paper we obtain one upper bound of the moduli of
the roots of the algebraic equations.

The bounds of the moduli of the roots of algebraic equations were re-
searched by many authors (see e.g. [1,2,3,4]).

For the algebraic equation

(1) zn + a1z
n−1 + a2z

n−2 + · · ·+ an−1z + an = 0

let

(2) |ak| = Ak, k = 1, 2, . . . , n.

In this paper, for the equation (1) the following theorem is proved.

Theorem. Let Ck, k = 1, 2, . . . , n be positive parameters for which

(3) (C1 + A1)2 − 4C2 ≥ 0; (2Ck + Ak)2 − 4Ck−1Ck+1 ≥ 0; k = 2, 3, . . . , n.

Then
(4)

R = max


C1 + A1 +

√
(C1 + A1)2 − 4C2

2
;

2Ck + Ak +
√

(2Ck + Ak)2 − 4Ck−1Ck+1

2Ck−1
, k = 2, 3, . . . , n− 1;

Cn + An

Cn−1


is one upper bound for the moduli of the roots of the equation (1).

Proof. Let z = reθi (0 ≤ θ < 2π) be the root of the equation (1), where

(5) |z| = r.

Taking into account (2) and (5), from (1) we obtain the inequality

(6) rn ≤ A1r
n−1 + A2r

n−2 + · · ·+ An−1r + An.
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Let R be a positive number for which

(7) Rn ≥ A1R
n−1 + A2R

n−2 + · · ·+ An−1R + An.

Then, according to Cauchy’s theorem (see [1], p. 122) for the moduli of the
roots of the equation (1) we have the following relation

(8) r ≤ R.

Let the parameters Ck > 0, k = 1, 2, . . . , n satisfy the following inequali-
ties

(9)



Rn − C1R
n−1 + C2R

n−2 ≥ A1R
n−1

C1R
n−1 − 2C2R

n−2 + C3R
n−3 ≥ A2R

n−2

...
Cn−2R

2 − 2Cn−1R + Cn ≥ An−1R

Cn−1R− Cn ≥ An.

The sum of all inequalities in (9) gives the inequality (7).
The inequalities (9) are satisfied for

R ≥
C1 + A1 +

√
(C1 + A1)2 − 4C2

2
,(10)

R ≥
2Ck + Ak +

√
(2Ck + Ak)2 − 4Ck−1Ck+1

2Ck−1
, k = 2, 3, . . . , n− 1,(11)

R ≥ Cn + An

Cn−1
.(12)

The relations (10), (11) and (12) are satisfied for R represented by (4),
which completes the proof of the theorem, from whence follows the relation
(8). �

By giving the parameters Ck, k = 1, 2, . . . , n different positive values, we
obtain from (4) the particular results.

For

(13) Ck = k +
√

5, k = 1, 2, . . . , n,

and in case that

(14) Ak ≤ k, k = 1, 2, . . . , n,

having in mind that

3k + k
√

5 + 2 + 2
√

5 = (k − 1 +
√

5)(3 +
√

5),

we obtain the Montel’s result from (4)

(15) R =
3 +

√
5

2
.

Remark. The result (15) also holds if

Ak ≤ k, k = 1, 2, . . . , n− 1,
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and

An ≤ 1 +
(1 +

√
5)n

2
.

In this paper the result (15) is obtained without using the infinite series.
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